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ON ESSéN’S GENERALIZATION OF THE AHLFORS-HEINS THEOREM
BY
JOHN L. LEWIS
ABSTRACT. Recently, Essén has proven a generalization of the Ahlfors-
Heins Theorem. In this paper we use Essén’s Theorem to obtain a different
generalization of the Ahlfors-Heins Theorem.
1. Introduction. Let K= C = (- o0, 0]. Let b be subharmonic in K and put
m(r) = inflzl - b(z), M(r) = sup|z| - b(z), when 0 <7< oo, We also let Z.(— r) =
mz_._, b(z), when 0 <r < o, Using this notation, Essén’s [3] generalization of
the Ahlfors-Heins Theorem may be stated as follows:

Theorem A. Let 0 be a number in the interval (0, 1) and let b (# — =) be a
function subbarmonic in K that satisfies

(i) B ) <cos 7o b(r), 0<r<oo.

Then either limr__‘w r~"M(r) = o or both (a) and (b) hold:
(a) There exists a number B such that

(i1) lim r 7 blrei®) = B cos of, |0} <,

except when eie belongs to a set of capacity zero.
(b) Given 6, 0< 0, <m, there exists an r-set A, of finite logarithmic mea-

sure such that (ii) holds uniformly in [z: |6] < 00] when r is restricted to lie out-
side of A,.

Let b be subharmonic in Kand 0< o< 1. Then if b(reie)/ra possesses a
limit in the sense of (a) and (b), we shall denote this limit by "lim”r_.m b(reie)/ra.

The author [7] has considered a condition of type (i) in certain regions Q. In
fact for Q = K, he proved

Theorem B. Let 0< o< 1. Let b be subbarmonic in K and suppose that

(iit) —i;(— r) < cos mo M(r)+, 0<r< oo,
(iv) ;(—r)<oo, 0<r<eo.

Then either b < 0or lim, _ M(r)/r° exists as a strictly positive or infinite limit.

In this paper we shall use Theorem A and Theorem B to prove the following
theorem.
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Theorem 1. Let 0< A< 1. Let u be subbarmonic in K and satisfy (iii) and
(iv) with h=uand o = A, If

) u(zo) >0

for some z, €K and

(vi) lim MO

then *'lim”’, u(reig)/r)‘= acos Af. Here 0 <a< oo,

—o®
We remark that there is an essential difference in Theorem 1 between the two

cases 0 <A <Y and <A< 1. Indeed, suppose that u satisfies the hypotheses

of Theorem 1 except for (v). Then if <A <1 it follows from the proof of Theo-

rem 1 that *‘lim’ u(reia)/r)‘= a cos AG, |6| < m, although in this case @ may be
A 4 y

zero. However, if 0 <A< Y, then *‘lim”’ u reie)/r)‘ need not exist (see Lewis
’ r—0

[7, $7D.
We shall also derive Theorem A for 0 < A <Y from Theorem 1 (see 38).

2. Proof of Theorem 1 for 5 <A <1. Let %4<A <1 and suppose that u satis-
fies the hypotheses of Theorem 1. In this case we note that

@=r1) < cos 7\ M(r) < cos 7A u(r)

for 0 <r<eo, since cos A < 0. Therefore we may apply Essén’s Theorem. By
this theorem we have “‘lim”’, _ u(reie)/r"= B cos A0, where — 0 < 8 < o, We
shall show in fact that

@.1) B-a- lin MO

r > 00 r

Since by (vi) and Theorem B, 0 < @ < oo, the proof of Theorem 1 for < A <1 will
then be complete. We shall want the following lemma.

Lemma 1. Let b and o be as in Theorem A. If lim _ M, b)/7° < oo, then in
(a) we have B = En_r__.w b()/7°.

Proof. (See Essén [3, Lemma 6.1].)

We now turn to the proof of (2.1). The proof is by contradiction. Let B+ =
max [B, 0] and suppose that B* < a. In this case choose ¢ > 0 small enough such
that /3+ +2¢<a. Then by Lemma 1 and Theorem B we see that for R, large
enough

(2.2) wr) < (BT +r<(a-A<Mt), >R,

Consider now the function s defined by

s@) =ulz)- (B +RezM) -C, zek
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Here C is a positive constant to be determined, and z denotes the analytic Ath
power of z in K for which = 1. It follows from (iii) and (2.2) that if C is large
enough, then Tim, _, s(z) < 0, £ € (- o0, + o).

Let I={Im z > 0} and note that s|; satisfies the hypotheses of the Phragmén-
Lindeldf Theorem (see Heins [S, p. 111]). Then by this theorem and (vi), we have
sl, < 0. Applying the same argument in the lower half plane, we obtain s < 0.

This inequality implies that a < B+ + €. Since B+ + 2¢< a, we have reached a
contradiction. Therefore, 0< a< B = B. Since clearly B < a, it follows that

B-a.

3. Proof of Theorem 1 for 0 <A <%, Let 0< A< ¥. In this case since
cos 7A > 0, we see that (iii) is a weaker restriction on u than (i) of Theorem A.
Therefore, we may not apply Essén’s Theorem. However, an important part of the
proof still follows from Essén’s work (see §7).

We shall want the following lemma.

Lemma 2. Let b and o be as in Theorem B. Then M(r, h)* = max {M(r, b), 0}

is a nondecreasing convex function of log r on (0, o).

Proof. (See Lewis [7, Lemma 1].)

We now begin the proof of Theorem 1 for 0 <A <}4. Let ry = |z¢| and put
M(ro) = b. Then by (v) of Theorem 1 and Lemma 2, we see that M(r) > b > 0 when
r>r,. Next, we associate with « a function v which has the following properties:

(3.1) v is subharmonic in C,

(3.2) m(@r, v)=v(-r)=cos 7A M(r, v), 7 > 7,

(3.3) M(r‘, v)=M(r, u) = b, r> 7,

Let u"* = max{u, 0}. Then for v we propose the function defined by

o(z) = max {z*(2z) - b, cos A (M(|z], ") - b}, z € K,
o= 7) = cos TA(M(r, z¥) = b), 0<r<oo,

2(0) = lim v(z).

z-0

Clearly v satisfies (3.2) and (3.3). To prove (3.1‘) we observe from Lemma 2 that

® M(|z|, «¥) is continuous and subharmonic in C - {0}.
We also observe for 0 <r < co that
ZH-1) - b<cos mA M(r, «¥) - b
G4 = cos w\ (M(r, 2) = b) + (cos mA = 1)b < cos 7\ (M(r, u¥) - b),

thanks to (iii) and the fact that cos #A > 0.
Using the above inequality and (¥), we deduce, if s> 0 and small, that

u2) = cos MAM(|z|, &™) = b), |z +7] <s.
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This equality and (¥) imply that v is subharmonic at — r when 0 <7 < oce, Also, (¥
implies that v is subharmonic in K. Hence v is subharmonic in C - {0}.

It remains to prove that v is subharmonic at zero. For this purpose let 0 <
r < o and suppose that g is the least harmonic majorant of v restricted to {|z| <
r} - {0}. Then since v is bounded above in {|z| < r}, we have

v(0) = Hr;v(z) < 1_1;; g(z) - i f217 v(reia) 6.
z-0 z-0 27 J0

Hence v has the mean-value property at zero. Since v is clearly upper semicon-
tinuous at zero, we conclude that v is subharmonic at zero and thereupon that (3.1)
is true, Actually v is continuous at zero. Indeed, if f is the least harmonic major-
ant of v in KN{|z| <1} and ifc = cos @A lim__ o (M(r, u*) = b), then
¢ < lim o(z) <(0) < lim /() = c.
z->0 z-0

We shall use this remark in $4.

4. A harmonic majorant of v|,. We now introduce the function w defined by

4.1) Tl Vs

We claim that

(4.2) w is harmonic in K and continuous in C,

(4.3) w is subharmonic in C,

4.4) v<uw,

(4.5) w(rei®)~ arX cos A (r — =) uniformly for |0] < 7.

Claim (4.2) is a direct consequence of the fact that v(-r)= OGN asr— =
and the Poisson integral formula for K (see Boas [2, Theorem 6.5.4] for an analo-
gous formula in a half plane).

To prove (4.4), we apply the Phragmén-Lindelsf Theorem to (v - w)|K. Since
M(r, v — w) = O(rX) as r — o, we obtain that v < w,

To prove (4.3), we observe that v = w on (- oo, 0]. Since v is subharmonic in
C and v < w, it follows upon examining circumferential means that w is subhar-
monic at each point of (-, 0]. Since w is also harmonic in K, we conclude that
(4.3) is true.

(4.5) follows easily from Theorem B and a standard Phragmén-Lindelsf argu-

ment. We omit the proof.

5. Subharmonic functions in C. We now require a representation formula for
a function b subharmonic in C, harmonic at 0, and of order < 1. Such a function

may be represented as (see Heins [6])

(5.1) h(z) = b(0) + qu(m log

- 2la z .
1 C‘ (e, eC
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Here p is the Riesz mass associated with b. Let

(5.2) b*(z) = b(0) + fl Y<oo log |1 +é ldﬂ(é), z €C.
It is easily verified that

(5.3) b*(= r) < mlr, b) < M(r, B) < B*(7), 0<7< oo,
(5.4) b¥(— 1) + P*07) < b(2) + B(- 2), |z| =1

Using (5.3) and (5.4), we obtain for 0< ¢ <1 and 0<r <o that

b*(= 1) = cos mo b*(r) = b*(= 7) + b*(+) - (1 + cos mo)b*(r)
(5.5) < b= 1) + b(r) = (1 + cos 7o)b(r) = b(~ 7) = cos mo b(r).
In the sequel, we use results of Anderson [1, Theorems 1 and 2] and Essén [4,
Theorem 1B]. It is more convenient to use them in the form they have in Essén’s
paper.
We state Essén’s Theorem as follows:

Theorem C. Let b be subbarmonic in C and put
IR, b) = JIR r~1=%[m(r, b) - cos mo M(r, b)dr,

where 0<o0<1land1<R<oo, If R~ M(R, b) and I(R, b) have an upper bound,
then IR, b) is bounded below, and limp _, R~ M(R, b) exists if and only if
limR_.m I(R, b) exists. If these limits exist, then limp_, R~ M(R, b*) and
limg | IR, b*) also exist.

6. A lemma. We shall want the following lemma.
Lemma 3. Let v and w be as in $$3 and 4. Then f? [w(r) = vE)dr/ri A< + o,

Proof. We prove Lemma 3 by showing

(6.1) R@o J;R [w(r) - M(r, V)] :z < 4+ oo,
00 dr
6.2) J; M(r, v) = )] T < + oo,

To prove (6.1) we first observe from (3.2), (4.1), and (4.4) that
(6.3) m(r, w) = v(- 7) = cos A M(r, v) < cos 7A M(r, w), r> Tor
Moreover, since cos mA > 0 we have

m(r, w) — cos 7A M(r, w) < w(- 7) — cos @A w(r)‘

(6.4)
=cos A (M(r, v) - w(r)), r> 7ot
Since lim__, r~AM(r, w) = a and (6.3) is true, it follows from Theorem C that
f? {m(r, w) - cos 7\ M(r, w)ldr/r ** converges. It now follows from (6.4) that
(6.1) is valid.
To prove (6.2) we let v = b in (5.1) and v*= b* in (5.2). Then by (5.3), (5.4),
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and (3.2) we have, for r> o
v*(= 7) = cos wA v*(r) = v¥(= 1) + v*(r) = (1 + cos 7A)v*(7)

< ul= 1)+ olr) = (1 + cos AIM(r, v) = u(r) — M(r, V).
Using this inequality and Theorem C it follows that (6.2) is true.
7. The final proof. Let
5(z) = min{Re (z%), w(z) - u(z)}, =z €K

Then p is a nonnegative superharmonic function in K and, by Lemma 3,

(7.1) [ o 2 Ay (l)r"l/"'" dr+ [ lwlr) - o) r:i:* < oo

1+A

We shall use (7.1) to prove that
00 dt
7 -1 —_— < o0,
(7.2) J; [p(it) + p(- it)] o

Using the Poisson integral formula for a half plane, we find that

dr> dt.

r foo [pit) + p(= iD)] d
0

p(r)Z; 2

+r
oo>f p(r) >f plit) + p(- zt)(% J(;“ tzr

Hence,

1 .
- cos mA J;) lplin) + o it) —1+—"
(7.1) and (7.2) imply that .
(7.3) “lim”’ pre’® _
r > 00 r

The proof is given in Essén [3, §9]. We omit the details.

From (7.3) we see that “hm (w(re'e) - v(re‘e))/r = 0. In view of (4.5),
it follows that “‘lim”’ v(re )/r)‘ = a cos M. Using this equality and Theorem
B, we now deduce that “l1m oo u(re'e)/r = a cos M. This completes the proof
of Theorem 1.

8. Remark. Essén’s Theorem is easily derived from Theorem 1 for 0 <A < %4,
Indeed, if u satisfies the hypotheses of Theorem A with u = b and A = 0, then for
0<7<oo, @-r)<cos m\ u(r) < cos mA M(r), and #(- r) < cos @A u(r) < co. More-
over, it is an unessential restriction to assume that Z(0) < oo (see Essén [3, 3.1)]).

Consider now the function u; defined by
u)(z) = ulz) + CRe(z}), ze€K.

Here C is chosen large enough such that u,(z,) > 0 for some z, ¢ K.
From our previous remarks we see that u; satisfies the hypotheses of Theo-
rem 1, except possibly for (vi). Hence either
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M(r, u;) M(r, u)
00 = lim ———— = lim
r > 00 ,)\ 7 > 00 rA
or

u,(retf) i6
tey . bRl ] tty. bR ure
lim” ——— = “lim ————-( ) + C cos M.
r > 00 7'A r > 00 4

In either case we obtain Essén’s Theorem.
Finally, we remark for 0 < @ <o that u(z)=-a Re (z1), z € K, satisfies the
hypotheses of Theorem A but not of Theorem 1 for 0 <A <!,
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